The local independence number i (G) of a graph G at a distance i is the maximum number of independent vertices at distance i from any vertex. We study the impact of restricting i (G) on the (global) independence number (G). Among others, we show that in graphs with bounded diameter, (G) is bounded if and only if i (G) is bounded for at least one i, 2 i diam(G).
Introduction
All graphs G = (V (G); E(G)) considered in this paper are simple, nite and undirected. We assume all graphs G under consideration to be connected (otherwise the results can be applied to the components of G). We follow the most common graph-theoretical notation and terminology. For concepts and notation not de ned here we refer the reader to 1].
Speci cally, dist(x; y) denotes the distance of vertices x; y 2 V (G). For any x 2 V (G) we set dist(x; x) = 0. For e = uv 2 E(G) and x 2 V (G), dist(x; e) denotes the distance of x from e, i.e. the minimum of dist(x; u) and dist(x; v). The diameter of G, i.e. the maximum distance between a pair of vertices of G, is denoted by diam(G). For any x 2 V (G) and an integer i, 0 i diam(G), N i (x) = fy 2 V (G)j dist(x; y) = ig denotes the neighborhood of x at distance i. For a set S V (G), hSi denotes the subgraph induced by S, and d S (u) = jfx 2 Sj xu 2 E(G)gj denotes the relative degree of a vertex u 2 V (G) with respect to S.
The independence number of a graph G is denoted by (G). For any i, 0 i diam(G), we set i (G) = maxf (hN i (x)i)j x 2 V (G)g. The number i (G) is called the local independence number of G at a distance i. If B is a family of graphs, then G is said to be B-free if G does not contain an induced subgraph isomorphic to any of the graphs from B. Speci cally, the graph K 1;3 is called the claw and for B = fK 1;3 g we say that G is claw-free. By a clique we mean a (not necessarily maximal) complete subgraph of a graph G.
There are many results dealing with properties of claw-free graphs. In our notation, it is easy to see that G is claw-free if and only if 1 (G) 2 (or, more generally, G is K 1;r+1 -free if and only if 1 (G) r). However, the graph G obtained by removing one copy of K r from the Cartesian product K r K r+1 shows that (G) can be arbitrarily large even in claw-free graphs of bounded diameter and arbitrarily large connectivity.
In 3], several upper bounds on (G) were given in the class of K 1;r+1 -free graphs involving several additional parameters. Shepherd 4] showed that the additional restriction 2 (G) 2 on a claw-free graph has many global consequences. In this paper, we follow up in this direction by showing that restricting i (G) only at a few distance levels implies a restriction on the global independence number (G). For more related results on claw-free graphs we refer the reader to survey paper 2].
Main results
For any integers r; t 2 we set S r;t = fGj 1 (G) r; 2 (G) tg. Note that all classes S 2;t are subclasses of the class of claw-free graphs, and S 2;2 is the family of distance claw-free graphs, introduced in 4]. for`odd, and this bound is sharp.
Before proving Theorem 2, we rst prove one auxiliary statement on trees. Proof of Theorem 2. Let x 2 V (G) be such that N`(x) 6 = ; for` 2 and let A = fx1; : : : ; xrg be a maximum independent set in hN`(x)i. For . Let x 2 V (G) be such that k (G) = s and let S be a maximum independent set in hN k (x)i. Let y be a vertex at distance 2k + 1 from x and let P : x = x 0 ; x 1 ; : : : ; x 2k+1 = y be a shortest x; y-path. Set S 1 = fu 2 Sj dist(u; x 1 ) = k + 1g and S i = fu 2 S n (S 1 : : : S i?1 )j dist(u; x i ) = k + 1g, i = 2; : : : ; 2k + 1. Then fS 1 ; : : : ; S 2k+1 g is a partition of S. Thus jS i j jSj 2k+1 for some i, 1 i 2k + 1. Since all vertices in S i are at distance k + 1 from x i , this implies as requested.
Combining Theorems 4 and 6, we obtain the following result. 
